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Abstract

We analyze the propagation of piezoelectromagnetic waves guided by a plate of polarized ceramics between two cera-
mic half-spaces. An exact dispersion relation is obtained, which reduces to a few known elastic, electromagnetic, and quasi-
static piezoelectric wave solutions in the literature as special cases. Numerical solutions to the equation that determines the
dispersion relation show the existence of guided waves. The results are useful for acoustic wave and microwave devices.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The theory of linear piezoelectricity assumes quasistatic electromagnetic fields (Tiersten, 1969). In this the-
ory, although the mechanical equations are dynamic, the electromagnetic equations are static and the electric
field and the magnetic field are not dynamically coupled. Therefore it does not describe the wave behavior of
electromagnetic fields. Electromagnetic waves generated by mechanical fields need to be studied in the calcu-
lation of radiated electromagnetic power from a vibrating piezoelectric device (Mindlin, 1972; Lee, 1989; Lee
et al., 1990), and are also relevant in electromechanical devices in which acoustic waves produce electromag-
netic waves or vise versa (Oliner, 1978; Scholl et al., 1998). When electromagnetic waves need to be considered,
the complete set of Maxwell’s equations should be used, coupled to the mechanical equations of motion. Such
a fully dynamic theory has been called piezoelectromagnetism by some researchers. For theoretical aspects a
variational formulation of piezoelectromagnetism was given by Lee (1991). A few piezoelectromagnetic solu-
tions of plane waves, surface waves, waves in plates, and waves in a plate on a substrate were obtained
(Kyame, 1949; Spaight and Koerber, 1971; Sedov and Schmerr, 1986; Schmerr and Sedov, 1986; Li, 1996;
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To and Glaser, 2004; Yang, 2000, 2004a,b). In this paper, we analyze the propagation of piezoelectromagnetic
waves in a ceramic plate between two ceramic half-spaces. The equations of linear piezoelectromagnetism are
summarized in Section 2. Equations for anti-plane motions of polarized ceramics are presented in Section 3.
An exact dispersion relation is obtained in Section 4, with discussions and reductions to various special cases
in Section 5. A few numerical solutions to the equation that determines the dispersion relation are obtained in
Section 6. Finally, some conclusions are drawn in Section 7.

2. Equations of piezoelectromagnetism

For a piezoelectric but non-magnetizable dielectric body the three-dimensional equations of linear piezo-
electromagnetism (Mindlin, 1972; Lee, 1991) consist of the equations of motion and Maxwell’s equations

Tjij = pits,

VxE=-B, VxH=D, V-B=0, V- D=0, M
as well as the following constitutive relations:

Ty = cijmSu — ewjEr, Di=euSi +e;E;, B = uyH,, (2)
where

Sy = (ui;+u;;)/2. (3)

In Egs. (1)—~(3), u; is the mechanical displacement vector, Tj; is the stress tensor, Sj; is the strain tensor, E; is the
electric field, D; is the electric displacement vector, B; is the magnetic induction, and H, is the magnetic field.
The coefficients ¢y, ex;, and ¢ are the elastic, piezoelectric, and dielectric constants, i is the magnetic per-
meability of free space, and p is the mass density. The summation convention for repeated tensor indices and
the convention that a comma followed by an index denotes partial differentiation with respect to the coordi-
nate associated with the index are used. The indices i, j, k, / assume 1, 2, 3. A superimposed dot represents
differentiation with respect to time z.

3. Anti-plane motions of polarized ceramics

For ceramics poled in the x5 direction the material tensors in Eq. (2) can be represented by the following
matrices under the compact matrix notation (Tiersten, 1969):

Ci1 Ci12 C13 0 0 0 0 0 €3]
0 0 0 0 0
Ci2 €11 Ci13 . . . . . €3] ey 0 0
c c C e
13 13 33 ’ 33 7 0 e 0 , (4)
0 0 0 ca O O 0 e5 O
0 0 €33
0 0 0 0 Cyq 0 €1s 0 0
0 0 0 0 0 cg 0 0 O

where ¢g6 = (¢11 — ¢12)/2. For polarized ceramics, Yang (2000) showed that there exist the following anti-plane
modes with only one displacement component, one magnetic field component, and two electric field compo-
nents (which may be called transverse magnetic modes):

uy=uy =0, wuz=u3(x;,x2,1),
Ei = E\(x1,x2,1), E>=FE>(x1,x,1), E;=0, (5)
Hy=H,=0, H;=H;(x,x,1).

From Eq. (3) the non-vanishing strain components are
Sy = us o, Ss = Us (6)
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and then from Eq. (2) the non-vanishing components of T}, D;, and B; are

Ty = caquzp — eisEr,  Ts = cyuz; — egsE,
Dy =ejsuz; +enky, Dy =ejsuzn + ek, (7)
B3 = ,uOH3.

The non-trivial ones of the equations of motion and Maxwell’s equations in Eq. (1) take the following form:

cas(uz 11 +usm) — eis(Ery + Ean) = piis,
eis(usn +usm) +en(Erg + Exn) =0,

_ : (8)
Ery — Evp = —ppHs,
Hsyy = ejsits) +enEy, —Hsy = esitsy + enEa.
Eliminating the electric field components from Eq. (8); , we obtain
Cas(us 11 + us ;) = piis, )

where ¢4y = caq + e%s /e is a piezoelectrically stiffened elastic constant. Differentiating Eq. (8); with respect to
time once and substituting from Eq. (8)45, we have

Hs i + Hso = enpigHs. (10)
Egs. (9) and (10) govern the mechanical and magnetic fields. Once u3 and H; are determined, £, and E; can be
obtained from Eq. (8)4.

4. Waves in a plate between two half-spaces

Consider a ceramic plate between two ceramic half-spaces (Fig. 1). This type of structures or some of its
special cases are used frequently in acoustic and electromagnetic (microwave) wave devices. Waves propagat-
ing in the x; direction in such a structure can be classified as guided or radiating modes depending on their
behavior in the x, direction. Guided modes have exponentially decaying behavior when |x,| is large.

4.1. Fields in the upper half-space

Consider the following waves propagating in the x; direction with:
uy = Uy exp[—n,(xy — h)] cos(&x) — wt), (an
H; = Hjexp[—¢y(xo — h)] cos(éx; — wt),

where Uy, Hy, &, 14, {4, and o are undetermined constants. The subscript in these constants indicates that
they are for ceramic A. Substitution of Eq. (11) into Egs. (9) and (10) results in

%
Ceramic A A — > Propagation
direction
h %
Ceramic B >
h

Ceramic C

Fig. 1. A ceramic plate between two ceramic half-spaces.
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1)2
i= &= porfe=2(1-5) >0

v

4
i i 2 (12)
”i =< —8A,an)2=f (1 ——2> >0,
€y
where
2 —
W 2 _ C4 2 1
= — = — = — 13
! 52 » PA7 “ a4l ( )

In Eq. (13), vis the guided plate wave speed that is to be determined, v 4 is the speed of plane shear waves in the
x direction, and ¢4 is the speed of light in the x; direction. The inequalities are for guided waves with decaying
behavior from x, = A. If one or both of the inequalities are violated, the modes become radiating. Clearly,
from (12), acoustic radiation occurs before electromagnetic radiation. This observation has important conse-
quences in microwave devices. Some of the materials for microwave devices have electromechanical coupling.
A guided electromagnetic wave for a microwave device from a pure electromagnetic analysis may in fact be
radiating or leaking energy acoustically due to electromechanical coupling when analyzed from the fully cou-
pled theory of piezoelectromagnetism. From Egs. (7);, (8)4, and (11) we obtain

1
Ty = = —{escaon, U expl—n, (x> = h)] + es&H 4 expl—c,(x: — h)]} cos(&n — i),
A

(14)
1 .
E = m{eAngA expl—n,(x2 — h)] + c,H 4 exp[—c,(xa — A)]} sin(&x; — wi),
4
which will be needed for interface continuity conditions later.
4.2. Fields in the lower half-space
For the lower half-space (C) occupying x, < —h, similar to Egs. (11)-(14), we have
uy = Ucexp[ne(xa + h)] cos(éx) — wt), (15)
Hy = Hcexplee(xa + h)] cos(Exy — wi),
where
2 2 2
Ne =& —pew’[ec =& (1 ——2> >0,
c
2 2 2 2 v (16
o =8 —ecpyw =¢ <l_c_z> >0,
¢
o _ G 5,1
Ve =—, Cn= 17
¢ Pc ¢ écly (17)
We can also obtain
1
Ty=— P {—ecccomcUcexp[ne(xa + h)] + eclHc explge(xa + h)]} cos(éxy — wi),
C
(18)
1 .
E, = Sc—w{eca)ﬁUC exp[ne(xs + h)] — ¢cHeexplge(xa + h)]} sin(éx; — wt).
4.3. Fields in the plate
For the ceramic plate (B) the fields can be represented by
uz = (Upcosngxy + Vpsinngxy) cos(éx; — wi), (19)

H; = (Gpcoshggx, + Hpsinh gpxy) cos(Exy — wt),
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where
2
P v
A=t =e(3o)
’ o (20)
v
G =8 —epue’ =8 < ——2>
Cp
2= a2 1 (21)
Ps Eply

If the 5% and/or ¢3 in (20) become negative, the fields in the plate change from sinusoidal to exponential or vise
versa but the waves can still remain guided. The field components relevant to boundary conditions are found
to be

. e e .
Ty = <—03773 Usp sinngx, + ¢gngVpcosngx, — £ Gpécoshgyx, — —BHgé sinh g3x2> cos(éxy — wt),
155:100] Ep)

1 . . .
E) = — (epwéUpg cos ngxy + egalVpsinngx, — Gpgy sinh ¢pxy — Hpgp cosh gpxy) sin(éxy — wt).
&g

4.4. Continuity conditions and dispersion relation

At the interfaces x, = +h, according to Jackson (1990) the continuity of us, T4, Hs, and E; need to be
imposed
us(h*) =us(h™) : Uy = Ugcosngh + Vysinngh,
us(—h™) = us(=h") : Uc = Ugcosnzh — Vgsinngh,
Hs(h") = H3(h™) : Hy = Ggcoshgzh + Hpsinhcgh,
Hy(—h~) = H3(—h") : Hc = Ggcoshgzh — Hysinh ¢zh,

_ 1 _
Ty(h") =Tu(h™): _E{SACA(U"AUA +esEH 4}
A
= <—03113UB sinnzh + ¢gngVpcosngh — —Gchosh cgh — HBé sinh 5Bh)

To(—h") =T4(=h"): —gc—w{—scﬁcwﬂcUc +ecCHc} (23)

= (EBHBUB sinngh + ¢gngV g cosngh — B Gyé cosh cgh + B Hy¢sinh g3h> ,
Ep Ep)
_ 1
E\(h") = E\(h7) : —{es0lU, + ¢,Hy}
&40

v (egwlUp cosngh + epwlVysinnzh — Gygg sinh gph — H pgy cosh gph),
'B

E\(=h")=E\(—=h"): Sciw{ecwac —¢cHc}

P (epwlUpg cos ngh — epwlVp sinnzh + Gpgp sinh gph — H pgy cosh gph),
B

which represent eight equations for Uy, Up, Uc, Hy, Hp, Hc, Vi, and Gp. For non-trivial solutions of these
constants to exist, the determinant of the coefficient matrix has to vanish. This yields the following equation:



5804 S.N. Jiang et al. | International Journal of Solids and Structures 43 (2006) 5799-5810

1 —cosgh 0 0 0 0 —sinngh 0
0 coszh -1 0 0 0 —sinngh 0
0 0 0 -1 sinh ¢zh 0 0 cosh gzh
0 0 0 0 —sinh ¢gh -1 0 coshgzh
Cally —Cligsinngh 0 s:;f) 7_6358?2}1 ek 0 Cplp COSNgh 7_836;0;}1 csh —0. (24)
0 —cphpsinygh  ¢cne 0 _egiilzh s _g:(i)é —Cpljp COS Nh e}’fcgz#
—ey & eglcosngh 0o 54 S cosh ggh 0 epCsinngh —¢gsinh gzh
&4 &p €400 £p() p g5
0 egécosngh  —ecé 0 —ggcoshggh Sc —epésinngh ¢gsinh gzh
&p & £p Ecw &3 £3

The expansion of Eq. (24) yields a rather long expression and is not provided here. When viewed as an equa-
tion for w, a root of Eq. (24) determines a relation between w and & (the dispersion relation). When the rela-
tion is linear, the corresponding wave is said to be non-dispersive. Otherwise it is a dispersive wave. Clearly,
waves with their dispersion relations determined from Eq. (24) are dispersive in general. The presence of trig-
onometric functions in Eq. (24) suggests that the dispersion relation may be multi-valued. The existence of
roots to Eq. (24) can be seen in various special cases and numerical solutions to be discussed below.

5. Discussions
In this section we examine a few special cases of Eq. (24).
5.1. Symmetric waves

When the two half-spaces are of the same material, i.e.,
Py = Pc, C4=Cc, eq=ec, & = e, (25)

waves determined by Eq. (24) can be separated into symmetric and anti-symmetric ones. For symmetric waves,
consider

UA:Uc, [‘]A:—I‘Ic7 VB:(); GB:() (26)

In this case Eqgs. (23),4.65 become the same as Eqgs. (23); 357, and Eq. (24) reduces to

2
(Z—A tanh czh + :—B> (¢an, — cangtanngh) = <8—A — e—B) & tanh gzh. (27)
A B

&y Ep

The following observations can be made from Eq. (27):

(i) The waves are dispersive in general.

(i1) The right-hand-side of Eq. (27), which is responsible for the coupling between acoustic and electromag-
netic waves, depends on the difference of the ratio of the piezoelectric and dielectric constants. If the
plate and the half-spaces are ceramics poled in the same direction, the coupling is not as strong as when
they are poled in opposite directions when their piezoelectric constants have opposite signs.

(ii) When the two half-spaces are free space, i.e., ¢, =0, ¢4 =0, and ¢4 = ¢y, Eq. (27) becomes

2
<8—BQA tanh czh + gB) ngtanngh = —e—‘féz tanh ¢4, (28)
&o ERCpR
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which is the same as Eq. (27) (Yang, 2004b) for piezoelectromagnetic waves in an unelectroded ceramic

plate.
(iv) When the materials are non-piezoelectric, i.e., e, = eg = 0, Eq. (27) factors into
tanngh = Call , or tanhgzh=— LYy (29)
Cpllp €Cy

We recognize Eq. (29), as the frequency equation that determines the dispersion relations for guided
electromagnetic waves in an unelectroded dielectric plate (Marcuse, 1982). In terms of the wave speed
v, Eq. (29), can be written as

2
—~
e C
tanh &hy[1 - =412 (30)
Cp &p 2
Vi—=
€4

which shows the dependence of the wave speed v on the wave number ¢ (dispersion). The dispersion rela-
tions determined by Eq. (30) are with an infinite number of branches. It can be expected that the behav-
ior of Eq. (27) will be more complicated.

In terms of the velocity v, Eq. (29); can be written as

2
e
tan ¢h D—z—lzf—AAi, (31)
V3 Cp [
——1
Up

which is the frequency equations that determines the dispersion relations for SH waves in an elastic plate
between two elastic half-spaces.
For the special case of an elastic plate alone without the half-spaces (¢, = 0), Eq. (31) further reduces to

2
tan &hy [~ — 1 =0, (32)
Up

which agrees with Graff (1991).
(v) When the speed of light goes to infinity, i.e., ¢, — oo and cp — oo, from Egs. (12) and (20) we have
¢4 — ¢ and g — &. Then Eq. (27) reduces to

2
(1 tanh &h + 1) (cA fa Z’Bn—B tan th) = (eA - eB) tanh &h, (33)
&4 e ¢ ¢ &4 &g

which determines the dispersion relations for symmetric, guided quasistatic piezoelectric waves in a cera-
mic plate between two half-spaces. This special result appears to be new. Eq. (33) determines acoustic
waves only and does not have the electromagnetic branches of the dispersion relation.

5.2. Anti-symmetric waves

For anti-symmetric waves consider

UA:—Uc, HA:Hc, UB:O, HB:O (34)
In this case Eq. (24) reduces to
~ 2
<’A cothggzh + 53) (Cany + Cpngcotngh) = (eA - eB) & cothgph. (35)
&4 ép €4 &

Observations similar to Egs. (28)—(33) can also be made from Eq. (35).
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5.3. Love waves

When the upper half-space is a vacuum, Eq. (23), should be dropped and Eq. (23)5 should be replaced by
0= T4h). We also have

Ccy = 0, ey = O7 &4 = &p. (36)
The dispersion relation is given by the determinant of the 7 x 7 elements in the lower-right corner of Eq. (24)
which, when expanded, has the following form:

o h2¢czh c c 2¢2 2 2
S5 COSTL 2CpM {—CB”IB cos 21 zh |:Cc”lc (;A + ::C> - 52 (63 _ “ese + ec)]
0 C

&g & epec  E-
. 2 2(S4 | Sc eencerl . 3 | SaSc
+sin 2ngh oy (== + 2= | + ——52—| ¢ + sinh 2¢zh( —¢png cos 2nzh4 eone (52 +
&0 &c &p &p &0Ec

2ege erc, &> c . ¢ ¢
_& { 8eca ced 4 % S S U inon,h 2 %JrsACc
Eo€pec 1 eret &g \ €0 Ec &p &péc

_ 2
eéfz [Ccﬂcgc 2 (eB ec) ] }>
t— | <\
&g &c &p Ec

2— 2
_ CBeBQZBnBé (e_B _ e_C> ' (37)
&p &p &c
Eq. (37) also appears to be new. It is not comparable but is an addition to the results for the Love waves ana-
lyzed in Yang (2004a), where the plate is either a perfect conductor itself or it carries a perfect conductor elec-
trode at x, = h.

In the special case when all materials are non-piezoelectric, Eq. (37) can be factored into

~ ~ ~2 ~ -
ﬂﬂi(544—39> +—(EE-%5A$C)tanh2g3h}GmnBtaHZth——Ech)::0. (38)

&g \& & £ &éc

The two factors are for uncoupled electromagnetic and elastic waves, respectively. The second factor is the
well-known frequency equation that determines the speed of Love waves in an elastic layer over an elastic
half-space (Graff, 1991).

5.4. Surface waves

When the ceramic half-space (A4) and the layer (B) do not exist, we have surface waves. Setting the relevant
material constants of 4 and B to zero and letting 7 =0 in Eq. (37), we obtain
Ne (Sc | éc Ca ezc
5(5—’_80 f) eccc’ (39)
which is the result of Yang (2000) for piezoelectromagnetic surface waves.
If the speed of light approaches infinity, Eq. (39) becomes the well-known quasistatic piezoelectric surface
wave named after Bleustein (1968) and Gulyaev (1969) with

&c\ e ezc
1+—)—: c_ 40
( &) & ecce (40)

6. Numerical results

A few branches of the dispersion relation for the symmetric waves determined by Eq. (27) are plotted in
Fig. 2 when all ceramics are poled in the same direction. The waves are clearly dispersive. From a plate point
of view, the lowest branch of the dispersion relation of symmetric waves is called a face-shear wave with a
finite phase speed when &h = 0. Other higher branches are all called thickness-twist waves with unbounded
phase speed when &k = 0. If the poling direction of the plate is reversed, the dispersion curves are given in
Fig. 3. Compared to the curves in Fig. 2 the curves in Fig. 3 are more separated. The relevant material
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13+ V/VB
1.25
12+
1.15 -
111 ceramicA: PZT-4
ceramic B : PZT-7A
1.05
1 2"
D —_———————
0 40 50 60 70

Fig. 2. Dispersion curves for symmetric waves when all ceramics are poled in the same direction.

13 WVe

4th Mode

125 ¢

3rd Mode
121

115 4 2nd Mode
114 1st Mode ceramic A: PZT-4
ceramic B: PZT-7A
1.05 4
&éh
1 4

0 10 20 30 40 50 60 70

Fig. 3. Dispersion curves for symmetric waves when the half-spaces and the plate are poled in opposite directions (plate poling reversed).

14 viv B
135 ceramic A: PZT-4
’ ceramic B : PZT-6B
13
195 ceramic A : BaTiO3
’ ceramic B : PZT-6B
12
ceramic A: PZT-7A
115 ceramic B : PZT-6B
11 ceramic A: PZT-5H
105 ceramic B : PZT-6B
&h
1+ } } t t } } }

0 10 20 30 40 50 60 70

Fig. 4. Dispersion curves for symmetric waves for various material combinations. All ceramics are poled in the same direction.

constants of PZT-4 and PZT-7A are not very different (see the table at the end of this section). The reversal of
the poling direction in the plate changes the signs of the piezoelectric constants of the plate. This in some sense
makes the material of the plate more different from that of the half-spaces, which has some effect on the
dispersion curves. Dispersion relations of the first symmetric mode (face-shear) for different combinations
of ceramics are shown in Fig. 4. The figure shows that the wave speeds at zero wave number (the intercepts
with the vertical axis in Fig. 4) depend strongly on the material.
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13—+ viv B

125+
4th Mode

121 3rd Mode
1154 2nd Mode

11 1st Mode
1054 ceramicA: PZT-4

ceramic B : PZT-7A
: . g

0 10 20 30 40 50 60 70

Fig. 5. Dispersion curves for anti-symmetric waves when all ceramics are poled in the same direction.

13+ V/VB/

1254 2nd Mode
3rd Mode

4th Mode

12+

ceramic A: PZT-4

105+ :
ceramic B: PZT-7A

Fig. 6. Dispersion curves for anti-symmetric waves when the half-spaces and the plate are poled in opposite directions (plate poling
reversed).

The first four anti-symmetric branches (thickness-twist) of the dispersion relation determined from Eq. (35)
are given in Fig. 5 when all ceramics are poled in the same direction, and in Fig. 6 when the poling direction of
the plate is reversed. These waves all have unbounded phase velocities at zero wave number. For larger wave
numbers (short waves) they seem to approach the same limit speed.

As shown by the numerical examples in Yang (2004a,b), the effect of full electromagnetic coupling on
acoustic wave speed is quantitatively small. However, with full electromagnetic coupling and piezoelectric cou-
pling, acoustic and electromagnetic waves are no longer separable. This qualitative change is important for
certain phenomena which have consequences in applications. For example, the predicted possible acoustic
radiation of electromagnetically guided modes may need to be considered in the design of microwave devices.
For device applications usually long waves (wavelength >> plate thickness) are used. We examine Eq. (28) for
long waves with £h <<1. We focus on the lowest acoustic branch (the face-shear wave) of Eq. (28). In this
case, in terms of the wave speed v, Eq. (28) assumes the following form:

2
(1 +n25h)<;’_2_ 1> =i, (41)
B
where
2
=2 =% (42)
&o EBCp

Eq. (41) shows that the originally non-dispersive long face-shear wave becomes dispersive due to electromag-
netic coupling. We plot Eq. (41) for a few ceramics in Fig. 7. The figure shows that the dispersion is noticeable
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0.97 1

0.96 +

0.95

0.94 +

0.93

0 0.05 01 0.15 0.2

Fig. 7. Dispersion of long face-shear waves in a plate in free space.

only for long waves with i < 0.1. This translates into 2r//2 < 0.1, or A/2h > 10m, i.e., the wavelength is about
30 times the plate thickness.
The material constants used in the calculations are

p (kg/m?) ca (10" N/m’) e1s (C/m?) e (107° C/Vm)

PZT-4 7500 2.56 12.7 0.646
PZT-5H 7500 2.30 17.0 1.506
PZT-6B 7550 3.55 4.6 0.360
PZT-71A 7600 2.53 9.2 0.407
BaTiO5 5700 4.39 114 0.982
PZT-5 7750 2.11 12.3 0.811
PZT-7 7800 2.50 13.5 1.71

7. Conclusion

Exact solutions are obtained from the three-dimensional equations of linear piezoelectromagnetism for
guided waves in a ceramic plate between two ceramic half-spaces. The solutions obtained reduce to a few
known elastic, electromagnetic, and quasistatic piezoelectric wave solutions in the literature as special cases.
The existence of guided waves is shown through numerical results and special cases with known solutions. Full
electromagnetic-elastic coupling may cause acoustic radiation of guided electromagnetic waves in microwave
devices. The coupling may also cause additional dispersion in acoustic waves.
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